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Abstract 

We investigate purities determined by classes of finitely presented modules including 
the correspondence between purities for left and right modules. We show some cases 
where purities determined by matrices of given sizes are different. Then we consider pu- 
rities over finite-dimensional algebras, giving a general description of the relative pure- 
injectives which we make completely explicit in the case of tame hereditary algebras. 
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Introduction: 

Purity for modules over general rings was denned in [5] and many relative versions of pu- 
rity have been considered since then. We consider those purities which, like the original one, 
are determined by classes S of finitely presented modules. We present a number of charac- 
terisations of S-pure-exact sequences and of the associated classes of relatively projective and 
relatively injective modules. We also show the relation between the purity for left modules 
which is determined by S and the purity for right modules determined by S; this is said most 
directly in terms of the matrices presenting the modules in S. 

Al-Kawarit and Cauchot [1] gave conditions under which purities determined by matrices 
of certain sizes are different. We obtain related results over semiperfect rings and we also 
consider this question in detail over finite -dimensional algebras. 

Over finite-dimensional algebras we give a description of the S-pure-injective modules in 
terms of the type-definable category generated by tS and, in the case of tame hereditary alge- 
bras, and using results from [12J and [14], we give a complete description of these modules. 

Finally we give a number of characterisations of rings whose indecomposable modules are 
S-pure-injective. 

All rings in this paper are associative with unity, and all modules are unital. We write rM 
{Mr) to indicate a left (right) .R-module, and we use R-Mod denote the category of all left R- 
modules. The endomorphism ring of a module M is denoted by End R {M). We use Add(T) 
(resp., add(T)) to denote the class of all modules that are direct summands of direct sums 
(resp. finite direct sums) of modules from T. Also, we use Prod( T) to denote the class of all 
modules that are direct summands of direct products of modules from T. We use the notation 
M [R) for the set of all n x m matrices over R. All matrices in this paper are matrices with 

nxm 

finitely many rows and finitely many columns and all classes of modules are closed under 



isomorphisms. A module is said to be finitely presented if it is the factor module of a free 
module of rank n modulo a m-generated submodule, for some n, m e Z + . 

/ g 

Let S be a class of left i?-modules. Following Warfield [18] , an exact sequence — > A — > B — > 
C — » of left i?-modules is said to be S-pure if the sequence — > Horm? (M, A) — > Horm? (M, f?) — > 
Horrii; (M, C) — > is exact, for all M e S; in this case / is said to be an S-pure monomorphism 
and g is said to be an S-pure epimorphism. Note that S-pure=Su{i?/f} -pure. If S=R -Mod then 
a short exact sequence of modules is S-pure if and only if it is pure. A module M is said to be 
S-pure-injective (resp. S-pure-projective), if M is injective (resp. projective) relative to every S- 
pure exact sequence of modules. Clearly the class of S-pure-injective (resp. S-pure-projective) 
modules is closed under direct summands and direct products (resp. direct sums). 

This paper contains five sections. In section 1, many characterizations and properties of 
S-purity, S-pure-injectivity and S-pure-projectivity are given. For example, we prove that, if S 
is a class of finitely presented modules then a module M is S-pure-projective if and only if it 
is projective relative to every S-pure exact sequence 0— >K— >£— >F— >0 where E is S-pure- 
injective. Dually, M is S-pure-injective if and only if M is injective relative to every S-pure exact 
sequence 0— > — > P — > L— > where P is S-pure-projective. 

In [ 13 1 purity and S-purity are compared. In particular, it is proved that S-purity and purity 
are equivalent if and only if S-pure-injectivity and pure-injectivity are equivalent if and only if 
.R-modCadd(Su{i?i?}) [ 13 , Theorem 2.5, p.2136] . In section 2 of this paper we compare S-purity 
and T-purity for arbitrary classes S and T of finitely presented left ^-modules. For example, in 
Theorem 2.1 we prove that if S and T are classes of finitely presented left .R-modules, then the 
following statements are equivalent: (1) every T-pure short exact sequence of left i?-modules 
is S-pure; (2) S c add{Tl){ R R}); (3) D% cp r od((D^Ui? R )*) where * denotes the dual of a module 
;(4) the corresponding assertions for right modules. Also, in Proposition 2.4 we prove that if 
each indecomposable direct summand of a module in T has local endomorphism ring and 
each module in T is a direct sum of indecomposable modules then every S-pure short exact 
sequence modules is T-pure if and only if each indecomposable direct summand of a module 
in T is a direct summand of a module in Su {rR}. 



In section 3, we study (n, m)-purity over semiperfect rings. In Theorem 3.6 we give a gen 



eralization of Q] Theorem 3.5(1), p.3888] in which we prove that if {n, m) and (r, s) are any two 
pairs of positive integers such that n/r and if one of the following two conditions is satis- 
fied: (a) R is semiperfect and there exists an ideal / of R with gen(/R) =max{n, r] and / c ejR 
for some local idempotent ey, [b) R is Krull-Schmidt and there exists a right ideal I of R with 
gen(/) =max{n, r] and / c ejR for some local idempotent ej, then: (1) (m, n)-purity and [s, r)- 
purity of short exact sequences of left ^-modules are not equivalent; (2) [n, m)-purity and 
(r, s)-purity of short exact sequences of right i?-modules are not equivalent. 

In section 4, we study purity over finite -dimensional algebras. Firstly, we compare pu- 
rities over the Kronecker algebra over an algebraically closed field k. In Proposition 4.4 we 



prove that if R is a finite-dimensional algebra over a field k and it is not of finite represen- 
tation type, then for every r e Z+, there is n > r such that (K , n)-purity^ (K , r)-purity for 
left ^-modules. Let be a set of matrices over a tame hereditary finite-dimensional alge- 
bra R over a field k. Conditions under which the generic module is Lj^-pure-injective are 
given in Proposition 4.1Q| Finally, we give a complete description of the full support topology 
closure of any class of indecomposable finite -dimensional modules over a tame hereditary 
finite-dimensional algebra R over a field k. 

In the last section we give a condition on a left ^-module M such that every S-pure sub- 
module of M is a direct summand and prove that such module is a direct sum of indecompos- 
able submodules. As a corollary of this result we give a characterizations of rings over which 
every indecomposable left ^-module is S-pure-projective. 
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1 Purities 



Let n, m e Z+. An ^-module M is said to be [n, m)-presented if it is the factor module of 
the module R n modulo an m -generated submodule. Let H be an n x m matrix over R. Then 
right (resp. left) multiplication by H determines a homomorphism pn ■ rR 11 — > rR" 1 (resp. 
X H : R™ — > Then H determines the [m, n)-presented left ^-module R m /im{p H ); we will 
denote it by Lh- Also, determines the [n, m)-presented right F-module R n /im(A#); we will 
denote it by D H . Let J^f be a set of matrices over a ring R ; we will denote by L ^ the class of 
left ^-modules {L H \He 2tf\ and by the class of right i?-modules {D H | H e^f}. In view of 
proposition ! 1.2| below we may, where convenient, interpret L% as {rR} and D% as {i?^}, 

The following theorem collects together and extends results from the literature (in partic- 
ular see [8] and (20] ). A proof can be found in the author's thesis [ 10J . 

Theorem 1.1. Let Rbe an algebra over a commutative ring K and let E be an injective cogenera- 

tor for K-modules. LetS be a class of finitely presented left R-modules, let#€ be a set of matrices 

f g 

over R such that L#e -purity=S-purity and let E :0 — > A — > B — > C — » be an exact sequence of left 
R-modules. Then the following statements are equivalent. 

(1) E is an S-pure exact sequence of left R-modules. 

(2) For any two positive integers n,m, for any nx m matrix H in and for all a&A", if the 
matrix equation Hx=fd has a solution in B m then the equation Hx=a has a solution in A m . 

(3) The sequence Q^>M® R A^>M®RB^>M® R C^>0is exact, for allM e% 

(4) For any two positive integers n,m, for any nx m matrix H in and for all c e C m , if 
Hc=0, then there isb e B m with g{b)=c andHb=0. 

(5) For any two positive integers n,m and for any nxm matrix H in #6 ', for every commuta- 
tive diagram of left R-modules 

PH 

R" > R m 

a 

f * 

*■ A ► B 



there exists a homomorphism f5 : R m — > A such thata=f3pH- 

(6) The dual exact sequence of right R-modules — » C* — > B* — > A* — » isDj^-pure, where 
M*=Hom K (M,E). 

We retain the notation M* for the dual of a module with respect to kE as above. Let T be 
a class of left .R-modules. Note that if S c T c i?-Mod then every T-pure exact sequence of 
left ^-modules is S-pure, so S-pure-injective implies T-pure-injective and S-pure-projective 
implies T-pure-projective. 

Proposition 1.2. (as 03 Proposition 1, p.700]) Let S be a class of finitely presented left R- 
modules and let M be a left R-module. Then: 

(1) There exists an S-pure exact sequence of left R-modules — > 1C— > F— > M — > with F being 
a direct sum of copies of modules inSu{ R R}. 

(2) Add(S U { R R}) is the class of S-pure-projective left R-modules. 

Corollary 1.3. Let S be a class of finitely presented left R-modules and let 3ff be a set of ma- 
trices over R such that L,yg -purity=S-purity. Then for any left R-module N there is an S-pure 
monomorphism a: N — > F* such that F is a direct sum of copies of modules in Dj?\J {R R }. In 



particular, see Theorem 1.4 F* is S-pure-injective. 
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Proof. Let N be any left F-module. By the right hand version of Proposition 1.2 there is a 



/ g 

Dye -pure exact sequence of right F-modules 0— >G— >F— >AP*— >0 where F is a direct sum 
of copies of modules in Dye U {Rr}. By the right hand version of Theorem |l.l| the dual exact 

sequence of left F-modules — > N** — > F* — > G* — > zs Lye -pure. The canonical monomor- 
phism <^>]v : AT — > AP* is pure (see, e.g., |8, Corollary 1.30, p. 17]) and hence it is Lye -pure. Since 
a composition of L ye -pure monomorphisms clearly is Lye -pure, g* tp N : N — > F* is an L ye -pure 
monomorphism. □ 

Let S be a class of left (or right) F-modules. We use S* to denote the class {M* \ M e S}. 

Theorem 1.4. (as flR Theorem 1 ]) Let She a class of finitely presented left R-modules and let Jri? 
be a set of matrices over R such that Lye -purity=S-purity, then Prod((D^ U{R R })*) is the class of 
S-pure-injective left R-modules. 

Proof. Let M be any S-pure-injective left F-module. By Corollary |1.3| there exists an S-pure, 

hence split, monomorphism a : M — > F* where F = 0F with F £ Dye U {Rr}. Since F* = 

iel 

(0F)* as Y\ F * it follows that M e Prod((D^ U {Rr})*). 

iel iel 

Conversely let H e ffl and letE:0— >A— >F— >C— >0be any L#-pure exact sequence of 
left F-modules. By Theorem |1.1| the sequence Dh ®r E :0 — » Dh ®r A — > Dh ®r B — > F># ®r 
C — > is exact. Since F is an injective AT-module, the sequence — > Hom^D^ <8>r C, F) — > 
Horrid [Dh 'Sir B, E) — > Hom^D^ <8>r A, F) — > is exact. This is isomorphic to the sequence 
-> Hom R {C, Hom K {D H , E)) -> Hom R (F, Hom^(D Hl F)) -> Hom^A, Hom K {D H , E)) -> 0. That 
is, the sequence — > Uom R [C,D* H ) — > Uom R {B,D* H ) — > Uom R [A,D* H ) — » is exact. Therefore, 
D* H is L#-pure-injective. By, for instance, |7J Theorem 3.2.9, p. 77], F fl is injective and thus 
each module in [Dye U {F R })* is S-pure-injective. It follows that every module in Prod((Dj^ 
U{F R })*) is S-pure-injective. □ 

Proposition 1.5. Let S be a class of finitely presented left R-modules, letJf be a set of matrices 
over R such that Lye -purity=S-purity and letT. : — > A — > B — > C — > be any exact sequence of 
left R-modules. Then the following statements are equivalent: 

(1) E is S-pure. 

(2) Every S-pure-injective left R-module is injective relative to E. 

(3) D* H is injective relative to E, for allH&^C. 

(4) Every S -pure-pro jective left R-module is projective relative to E. 



Proof. (1) => (2) and (1) => (4) are obvious and (2) => (3) is immediate from Theorem 1.4 
(3)=>(1) Let H<E3>?. By hypothesis, the sequence 

-> Hom R {C, Hom K {D H , E)) -> Hom R {B, Uom K {D H , E)) -> Hom R [A, Hom K [D H , E)) -> 0, 

equivalently the sequence 

-» Homjf {D H ® R C, F) -> Homjf (D H ® R B,F) — » Hom^ (D H ® B A, F) -> 

is exact. Since F is an injective cogenerator for F-modules, it follows (see 13 Lemma 3.2.8, 
p.77]) that the sequence — > DhSr A — > Dh®r B — > DhSr C — > is exact. Thus E is S-pure. 



(4) => (1) This is immediate from Proposition 1.2 and the definition of S-pure exact se 



quence. □ 

Theorem 1.6. LetS be a class of finitely presented left R-modules. Then for a left R-module M: 

(1) M is S-pure-projective if and only if it is projective relative to every S-pure exact sequence 
0— >F— >F— >F— >0 of left R-modules where E is S-pure-injective; 

(2) M is S-pure-injective if and only ifM is injective relative to every S-pure exact sequence 
0— >F— >P— >L — > of left R-modules where P is S-pure-projective. 
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Proof. (1) (=>) is obvious. 
(<=) Let 

lary 



A^B^C 



1.3 



and Theorem 



1.4 



be any S-pure exact sequence of left fi-modules. By Corol- 
there is an S-pure exact sequence 0— >B-^>P-^>iV— >0of left R- 



modules where P is S-pure-injective. We have the following pushout diagram: 



B ► C *- 



D ► 



In 

N - N 





Since p and A are S-pure P-monomorphisms so is Xp. Since a=Xp, the exact sequence 

a d 

0— >j4— >P— >D— >0is S-pure. Let ip e Hom R (M, C). By hypothesis, there is y e Hom fl (M, P) 
such that Pj—ipij). We have p Y=5j5j=5 fip = so im(y) c ker(p)=im(A) and hence y=Xj 
for some j e HorriR(M, B). Then we have </>v/=/3A/=/37"=i/?i/>. Since if is a monomorphism, 
VY=xj). Hence M is S-pure-projective. 

(2) The proof is dual to that of (1) . □ 

Corollary 1.7. Let S be a class of finitely presented left R-modules. Then the following state- 
ments are equivalent: 

(1) For every S-pure exact sequence — > N — > M — > i<C — > of left R-modules, ifM is S-pure- 
projective, then N is S-pure-projective. 

(2) For every S-pure exact sequence 0— >iV— >M— >if— >0 of left R-modules, ifM is S-pure- 
injective, then K is S-pure-injective. 

v /■< 

Proof. (1) => (2) Let 0— > N — > M — * K — >0be any S-pure exact sequence of left i?-modules 

a P 

where M is S-pure-injective. Let 0— >A— >B— >C— >0be any S-pure exact sequence of left 
P-modules where B is S-pure-projective. By hypothesis, A is S-pure-projective. Let / : A — > K 
be any P-homomorphism. Thus there is an i?-homomorphism g : A — > M such that pg = f. 
Since M is S-pure-injective, there is an i?-homomorphism h : B — > M such that ha = g. Put 
A = /ifa, thus Aa = (ph)a = p{ha) = pig = /. Hence i<T is injective relative to every S-pure exact 



sequence 0— >A— >5— >C— >0 where B is S-pure-projective. By Theorem 1.6 K is S-pure- 
injective. 

v 

(2) => (1) Let —> N — » M — » .RT — > be any S-pure exact sequence of left P-modules where 

a P 

M is S-pure-projective. Let 0— > A — > 5 — > C — > be any S-pure exact sequence of left R- 
modules where B is S-pure-injective. By hypothesis, C is S-pure-injective. Let / : N — > C be 
any fi-homomorphism. Thus there is an i?-homomorphism g : M — > C such that gv = /. 
Since M is S-pure-projective, there is an fi-homomorphism h : M — > 5 such that /3h = g. 
Put A = fav, thus /3A = (3hv = gv = f. Hence JV is projective relative to every S-pure exact 



sequence — > A — * B — > C — >0 of left i?-modules where f? is S-pure-injective. By Theorem 1.6 



N is S-pure-projective. □ 
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2 Comparing purities 



Theorem 2.1. Let S and T be classes of finitely presented left R-modules and let ^ andffl besets 
of matrices over R such that L<# -purity=S-purity and Ly? -purity=T-purity. Then the following 
statements are equivalent. 

(1) Every T-pure short exact sequence of left R- modules is S-pure. 

(2) Every T-pure exact sequence — * A — >B— >C— >0 of left R-modules where B is T-pure- 
injective is S-pure. 

(3) Every S-pure-projective left R-module is T-pure-projective. 

(4) Sc a dd(ru{ R i?}). 

(5) Every T-pure exact sequence — > A — > B — > C — > of left R-modules where B is T-pure- 
projective is S-pure. 

(6) Every S-pure-injective left R-module is T-pure-injective. 

(7) D*y^Prod((D^UR R n 

(8) The corresponding assertions for right modules. 

Proof. (1) => (2) and (1) => (5) are obvious. 

(2) => (3) Let M be any S-pure-projective left .R-module and letE:0— >A— >5— >C— >0be 
any T-pure exact sequence of left .R-modules where B is T-pure-injective. By hypothesis, E is 
S-pure and hence the sequence — > Horn/; (M, A) — > Hom^ (M, B) — > HorriR (M, C) — > is exact. 
Thus M is projective relative to every T-pure exact sequence E : 0— >j4— >£— >C— >0of left 



^-modules where B is T-pure-injective. By Theorem 1.6 Mis T-pure-projective. 



(3) => (4) This follows by Proposition 1.2 



(4) => (1) Let E:0— >A— >£— >C— >0be any T-pure exact sequence of left i?-modules 



and let M e S. By assumption and Proposition 1.2 M is T-pure-projective. Thus the sequence 



— > Horns [M,A) — > Hom B (M, B) — > Hom B (M, C) — > is exact. Therefore E is S-pure. 

(5) => (6) Let M be any S-pure-injective left .R-module and letE:0^y4^5^C^0be 
any T-pure exact sequence of left .R-modules where B is T-pure-projective. By hypothesis, 
E is S-pure and hence the sequence — > Horn;; (C, M) — > Horns {B, M) — > Horn;; [A, M) — > is 



exact. It follows by Theorem 1.6 that M is T-pure-injective. 



(6) => (7) Let M e D* s , thus M is an S-pure-injective left .R-module (by Theorem 1.4 . By 



hypothesis, M is T-pure-injective so by Theorem 1.4 we have that MeProd((Djf U^)*). 

(7) => (1) Let E:0— >A— >B— >C— >0be any T-pure exact sequence of left .R-modules. Let 
Ge^, thus by hypothesis, D* G e Prod((Dj^ U Rr)*), hence D* G is T-pure-injective, in particular 
D* G is injective relative to E. By Proposition |1.5[ E is S-pure. 

(1) => (8) Let E:0^A^5^C^0be any D^-pure exact sequence of right i?-modules. 
By the right hand version of Theorem |l.l| the exact sequence of left i?-modules E* : — > C* — » 
B* — > A* — > is T-pure. By hypothesis, E* is S-pure and hence by Theorem 1 1 . 1 1 again, E is 
D^-pure. 

(8) => (1) This follows by right/left symmetry. 

□ 



The following corollary is immediately obtained from Theorem 2.1 



Corollary2.2. Let S and T be classes of finitely presented left R-modules and let <S andJf besets 
of matrices over R such that L<g -purity=S-purity and L ^ -purity=T-purity. Then the following 
statements are equivalent: 

(1) T-purity =S-purity for short exact sequences of left R-modules. 

(2) S-pure-projectivity=T-pure-projectivityfor left R-modules. 

(3) add(S u { R R})= add( T u { R R}). 

(4) S-pure-injectivity=T-pure-injectivityfor left R-modules. 

(5) Prod({D* | G e ^ u {0^}})=Pi:od[{D* H \ H e Jtfu{0^}). 

(6) The corresponding assertions on the right. 
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A short exact sequence (E) of left (resp. right) /^-modules is called (m, n)-pure if it remains 
exact when tensored with any (m, n)-presented right (resp. left) i?-module. A left R-module 
M is said to be (m, «)-pure-projective (resp. (m, n)-pure-injective) if it is projective (resp. 
injective) relative to every (m, n)-pure exact sequence of left i?-modules . A short exact se- 
quence (E) of left (or right) ^-modules is called (K , n)-pure exact (resp. (m,K )-pure exact) if, 
for each positive integer m (resp. n) (E) is (m, n)-pure [1J. Observe that the (m, n)-pure exact 
sequences of left /?-modules are exactly the Lj^-pure exact sequences, where Jtf'=M mxn (R), 
and the [n, m)-pure exact sequences of right /^-modules are exactly the Dj^-pure exact se- 
quences of right modules. Also, (No, n)-pure exact sequences of left i?-modules are exactly 
the L^-pure exact sequences, where [J M mxn {R) and then the (n,N )-pure exact se- 

meZ+ 

quences of right ^-modules are exactly the D^-pure exact sequences. Note that for left mod- 
ules^, m ) -presented implies (m, n)-pure-projective, where as for right modules [n, m)-presented 
implies [n, m)-pure-projective. For all n, m, s, t e Z+ with n > s and m> t, since every [t , s)- 
presented right i?-module is (m, n)-presented it follows that every (m, n)-pure exact sequence 
of left i?-modules is (t,s)-pure. 

Corollary 2.3. Letn, m,s, t eZ + . Then the following statements are equivalent: 

(1) Every{m, n) -pure short exact sequence of left R -modules is{s, t)-pure. 

(2) Every [n, m)-pure short exact sequence of right R -modules is{t,s)-pure. 

(3) Every [s, t)-pure-projective {resp. (s, t)-pure-injective) left R-module is{m, n)-pure-pr- 
ojective [resp. (m, n)-pure-injective). 

(4) Every[t , s)-presented left R-module is madd({M | M isan[n, m)-presented left R-module}). 

(5) Every [s, t)-presented right R-module is in add({M | M is an (m, n)-presented right R- 
module}). 

Proof. Take S = L Vj and T = L^ where c S=M sxt {R) and^=M mxn {R) and apply TheorempTTj 

□ 

Proposition 2.4. Let Sand The classes of finitely presented left R-modules. Consider the follow- 
ing statements: 

(1) Every S-pure short exact sequence of left R -modules is T-pure. 

(2) Each indecomposable direct summand of a module in T is in add(S U {i?i?}). 

(3) Each indecomposable direct summand of a module in Tis a direct summand of a module 
inSu{ R R}. 

Then (1) implies (2) and 

(a) If each indecomposable direct summand of a module in Thas local endomorphism ring 
then (2) implies (3) . 

[b) If each module in T is a direct sum of indecomposable modules then (3) implies {I). 



Proof. (1) => (2) This follows by Theorem 2.1 



(a) Assume that each indecomposable direct summand M of a module in T has local en- 
domorphism ring, thus by hypothesis, Meadd(Su{i?i?}). Suppose that M is a direct summand 

of 0-R where Fi e S U {rR}, for all ie / and / is a finite set and let B be a submodule of 0F; 

iel iel 
such that M© B = 0P;. Since End#(M) is local we have (see, e.g., [8, Theorem 2.8, p.37]) that 

iel 

M has the finite exchange property. So (see, e.g., 1 8 , Lemma 2.7, p.37]) there is an index j e I 
and a direct sum decomposition Fj = Bj © C/ of Fj with M ~ C] . Hence M is a direct summand 
of a module in Su {rR}. 



[b) This follows directly using Proposition 1.5 □ 



A ring R is said to be Krull-Schmidt if every finitely presented left (or right) .R-module is a 
direct sum of modules with local endomorphism rings (see |8, p.97]). 
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Corollary 2.5. Let R be a left Krull- Schmidt ring and let n,m be positive integers. Then the 
following statements are equivalent: 

(1) (m, n)-purity={^Q, n)-purity for short exact sequences of left R -modules. 

(2) For each s e Z + , each indecomposable [n,s) -presented left R-module is a direct sum- 
mand of an [n, m)-presented left R-module. 

(3) [n, m)-purity={n, Ho) -purity for short exact sequences of right R -modules. 

(4) For each s e Z+, each indecomposable [s, n)-presented right R-module is a direct sum- 
mand of an [m,n)- presented right R-module. 

Proof. Put S = and T = L^, where <3=M mxn {R) and J*T = \J M txn {R). Since R is Krull- 

rez+ 

Schmidt, each indecomposable direct summand of a module in T has local endomorphism 
ring and each module in T is a direct sum of indecomposable modules. Hence the result 
follows on applying Proposition |2.4| and Corollary |2.3| 

□ 



3 (ra, rc)-Purity over semiperfect rings 

Let M be a finitely presented left (or right) 7?-module, we denote by gen(M) its minimal 
number of generators and by rel(M) the minimal number of relations on these generators. 
Therefore there is an exact sequence ^ rel ( M ) — > i?g en ( M ) — > M — > and it follows easily that 
rel(M) is the minimal number of relations on any generating set of M. 

Remark 3.1. Let M be a finitely presented left R-module and let N be a direct summand ofM. 
Then it is easy to see thatgen{N) <gen(M) and rel(iV) <rel(M)+gen(M). 

Proposition 3.2. Let H be any matrix over a ring R such that End^Ln) is local and Lh is 
not projective. Set ^=^j{M rX q{R) \ q<gen{Ln) or r + q <rel(iH) }• Then Lh is an Ln-pure- 
projective left R-module which is not L ^ -pure-projective and hence not Leg -pure-projective for 
any <§ c ffl , in particular Ln-purity and L ^ -purity are not equivalent. 

Proof. By Proposition |1.2| L H is Ln-pure-projective and, if L H is L^ -pure-projective, then 



Lh s Add(L ^ U {r-R}). Since Endi?(L#) is local, Lh is, as in Proposition 2.4 a direct summand 
of a module in L^ U \rR\. Thus either Lh is a direct summand of Lg, where G eJf or L H 

rxq 



is projective. If Lh is a direct summand of Lg, by Remark 3.1 gen(L#) <gen(Lc) < q and 



rel[L H ) <rel(LG)+ gen(ic) <r + q and this contradicts G e J^f. □ 

Note that if M is a left .R-module, / is a left ideal of R and a e End R (M) then there is an in- 
duced homomorphism a : M/IM — > Mj IM which is an isomorphism if a is an isomorphism. 

Let R be a ring and let / be its Jacobson radical. Recall that R is semiperfect if i?// is 
semisimple and idempotents lift modulo /. Say that an idempotent e e R is local if eRe is a 
local ring. We have (e.g., |[20j 42.6, p.375]) that R semiperfect if and only if R=e\R © e 2 R © • • • © 
e n R, for local orthogonal idempotents et . 

Lemma 3.3. Let m e Z + . Suppose that one of the following two conditions is satisfied. 

(1) The ringR is semiperfect and I is a nonzero ideal with gen(/i?) = m and I c ejR for some 
local idempotent e j ofR. 

(2) The ring R is Krull-Schmidt and I is a nonzero right ideal with gen(/) = m and I ^ejR 
for some local idempotent ej ofR. 

Then ejR/ 1 is a finitely presented right R-module with gen{ej R/ I)=l, xe\{ejR/ I)=m and 
Bridge j R/ 1) is a local ring. 
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Proof. Let P=ejR. Then gen(P/7)=l and clearly rel(P/P)=gen(P)=m. 

In case (1): Since EndR(e 7 P) ~ ejR ej it follows that Endfl(P) is a local ring. Let a e EndR(P/P) 
and consider the following diagram: 

P — K —*P/I 



V 



p * P/I 

where n is the natural epimorphism. By projectivity of P, there exists an P-homomorphism 
a : P — > P such that 7ia'=an and a' (7) c /. Since End#(P) is a local ring, either a or lp-a is an 
isomorphism. The inverse of that isomorphism will, as noted above, induce an isomorphism 
on P/I = P/PI which will be an inverse of a or l{p/i) — «» as appropriate. Hence Endi?(e ; P//) 
is a local ring. 

In case (2): Since ejR is a local right P-module, every homomorphic image of ejR is in- 
decomposable 1 16 , Proposition 4.1, p.246]. Hence ejR/I is indecomposable. Since R is Krull- 
Schmidt, EndR(e/P/P) is a local ring. 

□ 

Let R be any ring and M be any finitely presented right P-module. An Auslander-Bridger 

<P 

dual of M is denoted by D(M) and defined as follows. Choose an exact sequence Q —> P — > 
M — » in which P and Q are finitely generated projective right P-modules. Define D{M) to be 
the cokernel of the homomorphism 0+ : P + — > Q + where X + =HomR[X,RR), for any right P- 
module X 1 19] . Although D{M) depends on the choice of exact sequence, if D'{M) is another 
such dual of M then D{M) ®A ~ D'{M) © B for some finitely generated projective modules, 
A,B. 

Lemma 3.4. Let m e Z + and let M be any {l,m}- presented right R-module. Then D{M) is a 
{n, m)-pure-projective left R-module, for all n<El, + . 



Proof. Applying Hom^— ,Rr) to a presentation P™ — > P^ — » M — » of M gives the presen- 

tation flP 1 — > R R m -> D(M) -> of D(M). Thus D(M) is (m, l)-presented hence (1, m)-pure 
projective, hence [n, m)-pure-projective for all n > 1. 



□ 

Proposition 3.5. Lef meZ + , Suppose that one of the following two conditions is satisfied. 

(1) The ringR is semiperfect and I is a nonzero ideal with gen(/i;) = m + 1 and I c ejR for 
some local idempotent ej ofR. 

(2) The ring P fs Krull-Schmidt and I is a nonzero right ideal with gen(7) = m + 1 and 
I c.ejR for some local idempotent ej ofR. 

ThenD[ejR/I) is not an -pure-projective left R-module, where ffi ={J{ M(P) | s, t eZ + with 
t<m+l}. 



Proof. By Lemma 3.3 Endfl(ejP//) is a local ring and hence EndR(D(e/P//)) is local HH The- 



orem 2.4, p.196]. Since gen(e ; P//)=l and rel( ejR/I)= m + l (by Lemma 3.31, it follows eas 



ily that gen(D(eyP//))=m + 1 and rel(D(e/P//))=l. Since ejR/I is not projective, neither is 



D[ejR/I) so, by Proposition 3.2 D(ejR/I) is not L#e -pure-projective. □ 



The following theorem is a generalization of [1 , Theorem 3.5(1), p.3888]. 

Theorem 3.6. Let{n, m) and{r, s) be any two pairs of positive integers such that n^r. Suppose 
that one of the following two conditions is satisfied: 
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(a) R is semiperfect and there exists an ideal I of R with gen(7 R )=max{n, r] and I c ejRfor 
some local idempotent ej 

[b) R is Krull-Schmidt and there exists a right ideal I ofR with gen(7) =max{n, r] and I c 
ej Rfor some local idempotent e ; - . 

Then: 

(1) (m, n)-purity and{s, r) -purity of short exact sequences ofleftR-modulesare not equiva- 
lent; 

(2) [n, m)-purity and[r, s)-purity of short exact sequences of right R- modules are not equiv- 
alent. 



Proof (1) Without loss of generality, we can assume that n < r. By Lemma 3.4 and Proposi- 
tion |3.5[ D{ejR/I) is (s, r)-pure-projective and not (m, n)-pure-projective. Thus [m, n)-pure- 
projectivity and (s, r)-pure-projectivity of left i?-modules are not equivalent and hence by 
Corollary |2.3| (m, n)-purity and [s, r)-purity for left .R-modules are not equivalent. 

(2) By ( 1 ) and Corollary^ □ 

Corollary 3.7. Let R be a local ring, let I be a finitely generated ideal ofR and set gen(7 R ) = r, 
then for all n<r and for all m,s: 

(1) (m, n)-purity and{s, r)-purity for left R-modules are not equivalent. 

(2) [n, m)-purity and{r, s)-purity for right R-modules are not equivalent. 



Proof. Since R is local it is a semiperfect and 1 is a local idempotent. By Theorem 3.6 the 



result holds. □ 

Let M be a finitely generated left module over a semiperfect ring R. Warfield in [19] de- 
fined Gen(M) to be the number of summands in a decomposition of M/ JM as a direct sum 
of simple modules where / = ]{R). If M is a finitely presented left module over a semiperfect 
ring R , and / : P — » M a projective cover, with K =ker(/), then Warfield defined Rel(M) by 
Rel(M)=Gen(i<r)- If M is a left i?-module and x e M, we say x is a local element if Rx is a local 
module. The number of elements in any minimal generating set of local elements of M is ex- 
actly Gen(M) [19, Lemma 1.11]. One may use these to obtain similar results, for example the 
following. 

Proposition 3.8. Let H be a matrix over a semiperfect ring R such that Lh is not projective 
and End R (L H ) is a local ring and let J^f—{K \ K is a matrix with Gen(L H ) > Gen{L K ) or Rel 
[Lh) >Rel (Ijf)}. Then Lh is not L^-pure-projective. 



Proof. Assume that Lh is L>^-pure-projective, thus by Proposition 1.2 Lh £ add(L U 



Since End^i^) is a local ring, Lh is as in Proposition 2.4 a direct summand of a module in 
L^U{rR}. Thus either Lh is a direct summand of Ld, where De^f or Lh is a direct summand 
of rR. Since Lh is not projective, Lh is a direct summand of Ld, thus by |T9j Lemma 1.10, 
p.192], Gen(Ltf) <Gen(L D ) and Rel[L H ) <Rel(L D ) and this contradicts D e JV. Therefore, L H 
is not Lje -pure-projective. □ 

Remark. Since, ifK is an r x q matrix, we have Gen{R).q >Gen(7?).gen( Lk) > Gen(Ljf) and 



similarly for relations, ifH is as in Proposition 3.8 then L H is notL^ -pure-projective for any of 
the sets of matrices: 

2tf x =\K | Gen(L H ) >Gen(fl) gen(L K ) orRel(L H ) >Gen(i?) rel(L^)}; 

^e 2 ={ K \r,q<E Z+such that Gen{L H ) >qGen{R) or Rel(L H ) >Rel(L^)}; 

rxq 

=1 \{M(R) \ r,q<EZ+such that Gen(L#) >qGen{R) or Rel(L#) >rGen(i?)}. 

rxq 
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4 Purity over finite-dimensional algebras 



In this section we assume some knowledge of the representation theory of finite -dimensional 
algebras, for which see |2], |3] for example. Let R be a Krull-Schmidt ring and let M be any 
finitely presented left ^-module. We will use ind(M) to denote the class of (isomorphism types 
of) indecomposable direct summands of M. If S is a class of finitely presented left ^-modules, 

we define ind(S) = [J ind(M). 

MeS 

Proposition 4.1. Let Rbe a Krull-Schmidt ring and let S be a class of finitely presented left R- 
modules. Then the following statements are equivalent for a left R-module M: 

(1) M is S-pure-projective. 

(2) M is md{S)-pure-projective. 

(3) M isomorphic to a direct sum of modules in ind(S U {rR}). 

Proof. Since R is a Krull-Schmidt ring, each element in S U {rR} is a direct sum of modules in 

□ 



ind(SU {rR }) so this follows by Proposition 1.2 



The following corollary is immediate from Proposition 4.1 and Theorem 2.1 



Corollary 4.2. Let Rbe a Krull-Schmidt ring and let S and T be two classes of finitely presented 
left R-modules. Then T-purity implies S-purity if and only z/ind(S) c ind(TU {rR}). 



Let R = kA\ be the Kronecker algebra over an algebraically closed field k. Left i?-modules 

a 

may be viewed as representations of the quiver ]• t= The preinjective and preprojective 



indecomposable finite -dimensional left .R-modules are up to isomorphism uniquely deter- 
mined by their dimension vectors. For n e N we will denote by I n (resp. P„) the finite- 
dimensional indecomposable preinjective (resp. preprojective) left .R-module with dimen- 
sion vector {n, n + 1) (resp. [n + 1, n)). Also, for n e Z+ we will use Rx, n to denote the finite- 
dimensional indecomposable regular left /?-module with dimension vector [n, n) and param- 

1 o 
eter AefcU {oo} where R\ \ is the module k$=k for A e k and Roo i = k $= k. 

A ' 1 

Example 4.3. Let R = kA\ be the Kronecker algebra over an algebraically closed field k. Let 
n,r e Z+ and let Si = {Pi \ i < n], S2 = {h \ i < n — 1}, S3 = {R^j \ i <n and AefcU {00}} and 
S 4 = {i? A>1 \XekU{oo}}U{Po,Pi}. Then: 

(£) Si U S2 U S3-purity= (Ko, n)-purity= [2n + 1, n)-purity, for short exact sequences of left 
R-modules. 

[ii) Si-purivy= (1, l)-purity for left R-modules. 

(z i i) (1, \)-purity is not equivalent to (Ko, n)-purity for left R-modules. 
(iv) [n,T)-purity is not equivalent to (r,2) -purity for left R-modules. 

Proof. (z')Let^°= [J M [R). It follows directly from the description of the finite-dimensional 



indecomposable modules and Remark 3.1 that ind(L^) = SiUS2US3. Thus, by Proposition 4.1 
we have that Si U S2 U S3-purity=Lj^-purity=(Ko, n)-purity for left .R-modules. 

Let M eS1US2US3.lt can be checked that, if M e Si then rel(M) <2n-l, ifMeS 2 then 
rel(M) <2n + l and if M e S3 then rel(M) <2n and hence rel(M) < 2n + 1 in all cases. Since 
gen(M) < n, each module in Si US2US3 is [n,2n + l)-presented. Thus [2n + 1, n)-purity=Si U 
S2 U S3-purity= (K , n)-purity. 

(z i) Let keku {00} and let M e R^,i © Po- Since the sequence R R (a+ _M] x R # _> m — > is 
exact, M is (1, l)-presented and hence Rx,i is a direct summand of a (1, l)-presented module. 
Thus every module in S4 is a direct summand of a (1, l)-presented module. Conversely, let N be 
any indecomposable direct summand of a (1, l)-presented left .R-module, thus gen(JV) = 1 and 



rel(iV)<2(byRemark3.1!and hence either iV = P orN = Pi oiN = Rx,i for some Ae kU{oo}. 
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Thus AT is a direct summand of a module in S 4 U {rR}. By Proposition 2.4 S 4 -purity= (1, Im- 
purity. 

(Hi) Assume that (1, l)-purity=(K , n)-purity for some n e Z+. Thus, by (z) and (z'z) above 
we have that S4-purity=SiUS2US3 -purity. This contradicts Corollary |4.2| because Io e S1US2US3 
and Io^S 4 . 

[iv) Note that Rr = e\R © ezR, where e\R (resp. ezR) is the preprojective right ^-module 
of dimension vector (0, 1) (resp. (1,2)). Let Ir = /(e2-R), since Ir = aR © PR it follows that 



gen(7i?) = 2. By Theorem 3.6 we have that (n, l)-purity and (r,2)-purity for left i?-modules are 
not equivalent. 

□ 

Proposition 4.4. LetR be a finite- dimensional algebra over a field k. IfR is not of finite repre- 
sentation type, then for every r e Z+, there is n > r such fftaf (Ko, n)-purityfi (Ko, r)-purity for 
left R-modules. 

Proof. Suppose that R is not of finite representation type. Assume that there is r e Z+ such 
that for all n > r then (K , rc)-purity= (K , r)-purity for left i?-modules. Since R is a finite- 
dimensional algebra and it is not finite representation type it follows from fH Corollary 1.5, 
p.194] that there is a finitely generated indecomposable left i?-module M such that gen(M) > 
r + 1. By assumption, (Ko,gen(M))-purity= (Ko, r)-purity for left i?-modules and hence by 
Corollary |4.2| M eind({(r, 5)- presented left i?-modules | 5 e Z+}), which is a contradiction. 

□ 

Let R be an algebra over a field k. From now, we use M* to denote Homfc(M, k) for any 
^-module M. 

Proposition 4.5. Let R be a finite-dimensional algebra over afield k and let be a set of ma- 
trices overR. Then a left R-module M is -pure-injective if and only if Mis a direct summand 
of a direct product of modules in ind({D^ | H e U {^0^}}). 



Proof. This follows by Theorem 1.4 since each module D* H is a finite direct sum of indecom 



posable modules. □ 
We now describe these modules in terms of ind({L# | He U { }}). 

lxl 

Theorem 4.6. Let R be a finite- dimensional algebra over afield k and letS be a set of indecom- 
posable finite-dimensional modules. Then the S -pure-injective left R-modules are the direct 
summands of direct products of modules in tSuR -inj, where x is the Auslander-Reiten trans- 
late and R-in) denotes the set of indecomposable injective left R-modules. 



Proof. The Auslander-Reiten translate of a module M is given by the formula tM = (DM) 
where DM is the Auslander-Bridger dual (=transpose) of M obtained from a minimal projec 



tive resolution of M. In particular tLh = (Dm)* so this follows from Proposition 4.5 □ 



Corollary 4.7. Let R be a finite-dimensional algebra over a field k, let be a set of matrices 
over R. IfindlHomiciDn, k)\ H e U { }} is finite then it is the set of indecomposable Lj^- 

lxl 

pure-injective left R-modules and every L -pure-injective module is a direct sum of copies of 
these modules. 

Proof. This follows since if M is indecomposable of finite length over its endomorphism ring 
then every product of copies of M is a direct sum of copies of M (see, for example, [12, Theo- 
rem 4.4.28, p. 180]). 

□ 



12 



Recall (seeH^l 3.4.7]) that a subclass T of /?-Mod is said to be definable if it is closed under 
direct products, direct limits and pure submodules. A class T of pure-injective modules closed 
under direct products, direct summands and isomorphisms is definable if and only if each 
direct sum of modules in T is pure-injective, that is if and only if each element in T is S-pure- 
injective (see, for example, [12J 4.4.12]). In this case every module in T is a direct sum of 
indecomposable modules. Let S be a class of finitely presented left ^-modules. We denote by 
S-Pinj the class of S-pure-injective left ^-modules. 

Corollary 4.8. Let R be a finite-dimensional algebra over afield k and letJf be a set of matrices 
over R. Then L ^ -Pinj is a definable subclass ofR -Mod if and only if each direct sum of modules 
in ind({D^ | H e }) is pure-injective. 

Proof Let T = ind({D^ | He^}) and T'= TuR-in). 

One direction follows from the remarks above and Proposition |4.5| 

(<=). By hypothesis, each direct sum of modules in T is pure-injective. Since R is a left 
Noetherian ring, each direct sum of modules in R-in] is injective. Thus each direct sum of 
modules in T is pure-injective and hence is S-pure-injective. Let M e Lj^-Pinj. By Proposi- 
tion 4~5[ there exists a subfamily {M;}; 6 / of T such that M is a direct summand of f^M,-. By 

|__] 

the proof above, ®M; is S-pure-injective. Since []M, is in the definable subcategory gen- 
ie/ iel 
erated by ®M; it follows from [12, Proposition(4.4.12), p.176] that Y\Mt is S-pure-injective. 

iel iel 
It follows that M is S-pure-injective and hence each element in L^-Pinj is S-pure-injective. 

Therefore L $e -Pinj is a definable subclass of B-Mod. 

□ 

Every finite -dimensional module is S-pure-injective and by [9, Theorem 4.6, p.750] every 
direct sum of preinjective modules is S-pure-injective. The equivalence of (1) and (2) in the 
next result therefore follows from the description of the S-pure-injective modules in [1 1 , Theo- 
rem 2.1, p.847] and the equivalence with (3) follows since the duality Hornet— , k) interchanges 
preprojective and preinjective modules and sends regular modules to regular modules. 

Proposition 4.9. Let R be a tame hereditary finite-dimensional algebra over a field k and let 
be a set of matrices over R. Then the following statements are equivalent. 
{\)L^e -Pinj is a definable subclass ofR-Mod. 

(2) The set of preprojective or regular modules in ind({D^ | H e J^}) is finite. 

(3) The set of preinjective or regular modules in ind{{D H \ H e J^f}) is finite. 

Let i?pinj be the isomorphism classes of indecomposable pure-injective left i?-modules 
and let T c j?-ind, the class of all finitely presented indecomposable left .R-modules. We 
use fsc( T) (resp. T) to denote the closure of T in the full support topology (resp. the Ziegler 
topology). Recall that fsc(T) is the class Prod(T)rii?pinj. See for instance [12, Sections 5.1.1 and 
5.3.7] for details about the Ziegler topology and the full support topology. 

Proposition 4.10. Let R be a tame hereditary finite-dimensional algebra over a field k. Letffl 
be a set of matrices over R such that L jf-Pinj is definable. Then the following statements are 
equivalent. 

(1) The generic module is L -pure-injective. 

(2) The set of preinjective left R-modules in ind({D^ | H e J^}) is infinite. 

(3) All but at most n{R)— 2 Prilfer modules are L#e -pure-injective, wheren{R) is thenumber 
of isomorphism classes of simple R-modules. 

(4) At least one Prilfer R-module is -pure-injective. 
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Proof. (1) => (2). Let T = ind( {D* H \ H e J*?}). Assume that the set of preinjective left R- 



modules in T is finite. Since L j^-Pinj is a definable it follows from Proposition 4.9 that T is 
finite. By Corollary |4.7| the generic module cannot be Lj^-pure-injective. 

(2) => (3). Let X be the class of all indecomposable Lj^-pure-injective modules. Since 
L#e -Pinj is definable it follows from |T2j Theorem 5.1.1, p.211] that X is a closed set of the 
Ziegler topology. Since X contains infinitely many non-isomorphic preinjective modules, by 
IT4| Corollary, p. 113], all but at most n{R) — 2 Priifer modules belong to X, where n{R) is the 
number of isomorphism classes of simple i?-modules. 

(3) => (4) . This is obvious. 

(4) => (1). Assume that there is a Priifer module which is Lj^-pure-injective. As noted in 
(3), X is a closed set of the Ziegler topology and by hypothesis, it contains at least one module 
which is not of finite length. By [14, Theorem, p.106], the generic module belongs to X. □ 

Remark 4.11. IfR is the Kronecker algebra over afield k then condition (3) above becomes: (3) 
Every Priifer module is L ^ -pure-injective. 

Lemma 4.12. Let T c R-ind. If Prod(T) is definable then T =fsc(T). 

Proof. Suppose that Prod( T) is definable. It is clear that fsc( T) c T. Since T cprod( T) it follows 
that D(T) cprod(r), where D(T) is the definable subcategory generated by T. Thus T cfsc(T) 
and hence T=fsc(T). □ 

Remark 4.13. Let T be a class of pure-injective left R- modules and letS c T. If Prod(T) is a 
definable subclass ofR-Mod then so is Prod(S). 

Corollary 4.14. Let Rbe a tame hereditary finite-dimensional algebra over a field k and let I\ 
be a class of indecomposable preinjective left R- modules. Then fsc(Ji) = I\. 

Proof. By [21, Theorem 3.2, p.351], Prod(7) is definable, where lis the class of all indecom- 



posable preinjective left i?-modules. Since I\ c /it follows from Remark 4.13 that Prod(Ji) is 



definable. By Lemma 4.12 fsc(Ii) = Ii. □ 



Remark 4.15. Let R be a finite- dimensional algebra over a field k and let T c .R-ind. Then T is 
the class of all indecomposable finite-dimensional left R-modules in Prod(T). This follows from 
fia Corollary 5.3.33, p.250] 

The following fact is known; it can be found stated in [15] p.47]. We include a proof here. 

Proposition 4.16. Let Rbe a tame hereditary finite-dimensional algebra over afield k and let 
Pi be a class of indecomposable preprojective left R-modules. Then fsc(Pi) = Pi . 

Proof. Let M efsc(Pi). Thus M is a direct summand of Y\Pi where Pj e Pi. Choose a non- 

isl 

zero element a e M, so aj ^ for some j e /, where aj is the jth component in a. Define 

a : M — » Pj by a = 7ij i where i : M — » Y\Pi i s m e inclusion and Tij : Y[Pi ~ * Pj is the projection. 

iel iel 
Since a{a) = a j ^ it follows that HorriR(M, P) ^ 0, where P is the class of all indecomposable 

preprojective left i?-modules. By [6, Lemma 1, p.46], M has a preprojective direct summand, 



and hence M is finite-dimensional and therefore we have from Remark |4.15| that M e Pi. 

□ 

Lemma 4.17. Let Rbe a tame hereditary finite- dimensional algebra over afield k and let R\ be 
a class of indecomposable regular left R-modules. Then: 

(1) The generic module does not belong to fsc(Pi). 

(2) There is no Priifer R-module in fsc(Pi). 
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Proof. (1) Assume that the generic module G efsc(Pi), thus G eProd(Pi). As in the proof of 



Proposition 4.16 it follows that Homi?(G,i?i) 7^ 0, contradicting [15, p.46]. Therefore G ^fsc(Pi). 

(2) Assume that there is a Priifer module M such that M efsc(Pi). By [14, Proposition 3, 
p. 110], the generic module G is a direct summand of M 1 for some 2 so G eProd(Pi) and this 
contradicts (1) above. Thus there is no Priifer module in fsc(Pi). □ 

Let fibea tame hereditary finite -dimensional algebra over a field k and let S be a simple 
regular left 2?-module (that is, a module which is simple in the category of regular modules). 
We use S[oo] (resp. S) to denote the Priifer (resp. adic) left 2?-module corresponding to S, see 
IT4l p. 106] for the definitions of these modules. Also, we use 2s to denote the class Ts = {M \ M 
is an indecomposable regular left 2?-module with Hom;;(M, S) 7^ 0}. 

Theorem 4.18. Let R be a tame hereditary finite- dimensional algebra over afield k. LetRi be 
a class of indecomposable regular left R-modules and letS be a simple regular left R- module. 
Then the following statements are equivalent: 

(1) Sefsc(fli). 

(2) i?i n Tg is infinite. 

(3) Sefsc(i?inr s ). 

Proof. (1) => (2) . Suppose that S efsc(Pi). Assume that Rif\T s is finite. Let D = {M |Hom fl (M, S) = 
0}. By |6, Examples, p.42], D is a definable subclass of 2?-Mod and hence C = Dn^pinj is a 
closed set in the Ziegler topology. Since i?i n Ts is a finite class of finite -dimensional indecom- 
posable modules it follows from £B| 2.5] that R\ n Ts is a closed set in the Ziegler topology and 
hence C U (R\ n Ts) is. Thus C U (Ri n Ts) is a closed set in the full support topology. Since 
i?i c C U n T s ) it follows that fsc(Pi) cf S c(C U n T s )) = Cu{R 1 n T s ). Since Hom fl (S, S) + 
it follows that S C U (Ri n Ts) and hence S ^fsc(i?i) and this contradicts the hypothesis. Thus 
i?i n Ts is infinite. 

(2) => (3) Suppose that i?i n T§ is infinite, thus (R\ n Ts)* is an infinite class of regular right 

i?-modules. Let X e [Ri n T s f, thus X = M* for some M e i?i n T s . Hence Homi?(M,S) ^ 0. 

Thus Homi;(S*,X) 7^ for all X e {Ri n T s )*. By [H Proposition 1, p. 107], S*[oo] is the direct 

limit of a chain of monomorphisms X\ — > X2 — » X3 — > ••• with X, e n 2s)*. Therefore, by 

|9, Proposition 2.1, p.736], there is a pure exact sequence — » N — > Yj — > S*[oo] — » with 

ye/ 

Y/ G n 2J)*. Therefore the exact sequence -> (S*[oo])* -♦ (0 Yj)* -» AT* -> is split. By [6, 

ye/ 

Examples, p.44] , S = (S* [00] )* and hence S is a direct summand of Y\ Nt. Thus S eProd(i?i n Ts) 

and this implies that S efsc(i?i n Ts). 

(3) (1). This is obvious. □ 

Corollary 4.19. Let Rbea tame hereditary finite- dimensional algebra over afield k and let R\ 
be a class of indecomposable regular left R-modules. Then fsc(i?i) = R\ U {S \ i?i n Ts is infinite}. 



Proof. This follows by Theorem 4~18[ Remark 4.15|and Lemma 4.17 □ 



In the following corollary we give a complete description of the closure of any subclass 



of i?-ind in the full support topology and hence, by Theorem 4.6 a description of the inde- 
composable S-pure-injective modules for any purity defined by a class S of finitely presented 
modules. 

Corollary 4.20. Let Rbea tame hereditary finite-dimensional algebra over a field k . Let I\ { resp. 
Pi, resp. Ri) be a class of indecomposable preinjective [resp. preprojective, resp. regular) leftR- 
modules. Then fsc(/i U Pi U R\) = h U Pi U i?i U {S | i?i n T s is infinite}. 



Proof. This follows from Corollary 4.14 Proposition 4.16 and Corollary |4.19| □ 
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5 Rings whose indecomposable modules are S-pure-projective. 



Let T be a set. A family F of subsets of T is said to be directed if for any U,V e F, there 
exists WeF such that U c W and V^W. 



Lemma 5.1 . Let Sbe a class of finitely presented left R-modules and let {Ni } !e / be any directed 

family ofS-pure submodules of a left R-module M. Then N = (J AT, is an S-pure submodule of 

i<El 



Let N be a submodule of a left i?-module M and let T be a set of submodules of M. We 
will use N(T) to denote the submodule N{T) = N + ^A. The next lemma follows using 



Lemma 5.2. Let S be a class of finitely presented left R-modules, let N be a submodule of a left 
R-module M and let T be a set of submodules ofM. IfN{F) is an S-pure submodule of M for all 
finite subsets FofT, then N( T) is an S-pure submodule ofM. 

Definition 5.3. Let S be a class of finitely presented left R-modules, let N be a submodule of a 
left R-module M and let To be the set of all indecomposable submodules of M. A subclass T c To 

said to be S-N -independent [in M) ifN{T) = N(B{ ^ ©5) andN{T) is S-pure submodule of M . 

BeT 

This will be the case if and only if every finite subset of T is S-N -independent M. 

Theorem 5.4. Let S be any set of finitely presented left R-modules and let Mbea left R-module. 
Suppose that every S-pure submodule Mo of M for which M/Mo is indecomposable is a direct 
summand ofM. Then every S-pure submodule ofM is a direct summand ofM and M is a direct 
sum of indecomposable submodules. 

Proof. (The following proof is based on an argument in 01 Proposition 1.13, p.53]). Let N be 
any S-pure submodule of M. If N = M then N is a direct summand of M. Assume that N^M, 
thus there is x e M\N. Let F = {K \ N ^ K, x <£ K and K is an S-pure submodule of M\. Since 
N e F it follows that F is a non-empty family. Let {M;}; g / be any directed subfamily of F and 
let A = [jMi. It is clear that N c A and x <£ A. By Lemma|5.ll A is an S-pure submodule of M 



and hence A e F. By Zorn's lemma, F has a maximal element, say Mo, thus Mo is an S-pure 
submodule of M with N c Mo and x £ Mo. We will prove that M/Mq is indecomposable. 

Assume that M/M is not indecomposable, thus there are two non-zero submodules Mi/ 
M , M 2 /M of M/ Mo such that M/M = (Mi/M ) © (M 2 /M ). Therefore M c Mi, M c M 2 

and Mi n M 2 = M . Since Mi/M and M 2 /M are direct summands of M/M they are S-pure 
submodules of M/Mq. Since Mo is an S-pure submodule of M it follows from (20j 33.3(4), 
p.276] that Mi and M 2 are S-pure submodules of M. Thus, by maximality of Mo, we have that 
x e Mi n M 2 and this is a contradiction. 

Hence M/Mo is a non-zero indecomposable left ^-module. By assumption, Mo is a direct 
summand of M, say M = W ©M . Thus iV a* M/M is a non-zero indecomposable submodule 
of M with AT + N = N © JV . Since AT is an S-pure submodule of M and JVCM CMit follows 
that N is S-pure submodule of M and hence N © Af is an S-pure submodule of Af © M = 
M. Thus, for any proper S-pure submodule N of M, there exists a non-zero indecomposable 
submodule N of M such that NnN = and AT © AT is an S-pure submodule of M. 

Let T be the family of all S-AT-independent subsets in M. Since {0} e T it follows that T is 
non-empty. Let D be any directed subfamily of T and let U be the union of all members of 
D. Then U e T since every finite subset of U is S-AT-independent. By Zorn's lemma, T has a 
maximal element, say W. Now we will prove that N{W) = M. Assume that AT(1V) 7^ M, thus 



By using Theorem |l.l| we can prove the following lemma. 



M 



AeT 



Lemma [57Tl 
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N(W) is a proper S-pure submodule of M. Hence there exists a non-zero indecomposable 
submodule B of M such that N{ W) n B = and JV( W) + B = N{ W) © B = N © ( X © 4) © # 

is an S-pure submodule of M, as seen above. Hence Wu {B} properly contains W and is S- 
AT-independent in M. This contradicts the maximality of W in T. Therefore, N{W) = M. Since 
N{ W) = N © ( £ © A) it follows that N is a direct summand of M and M/iV ~ £ © A is a 

AeW AeW 

direct sum of indecomposable submodules. If we take N = then we see that M is a direct 
sum of indecomposable submodules. □ 

Corollary 5.5. Let S be any set of finitely presented left R-modules. Then the following state- 
ments are equivalent: 

(1) Every indecomposable left R-module is S-pure-projective. 

(2) For any left R-module M, every S-pure submodule ofM is a direct summand ofM. 

(3) Every left R-module is S-pure-projective. 

(4) Every left R-module is S-pure-injective. 

(5) Every left R-module is a direct sum of modules in ind(SU {a-R}). 

Proof. (1) => (2) . Let M be any left i?-module and let N be any S-pure submodule of M such 
that M/N is indecomposable. By hypothesis, M/N is S-pure-projective hence the S-pure ex- 

i 7i 

act sequence — > N — > M — > M/N — > splits and hence AT is a direct summand of M. By 



Theorem 5.4 every S-pure submodule of M is a direct summand of M. 

f g 

(2) => (3) . Let M be any left i?-module and leti::0->L->iV->M->Obe any S-pure exact 
sequence of left ^-modules. By hypothesis, im(/) is a direct summand of N and hence E is 
split so M is S-pure-projective. 

(3) => (5) . Assume that every left i?-module is S-pure-projective, thus every left R-module 
is pure-projective. By [4, Proposition 4.4, p.73], R is a left Artinian ring and hence R is Krull- 



Schmidt, by 021 p. 164]. Let M be any left i?-module. By hypothesis and Proposition 4.1 M 
isomorphic to a direct sum of modules in ind(Su Thus every left .R-module is a direct 

sum of modules in ind(S U {r R }). 

(5) => (1) . Assume that every left .R-module is a direct sum of modules in ind(S U { R R }). Let 
M be an indecomposable left i?-module, thus M is a direct sum of modules in ind(SU {b-R}). 
Since each module in ind(Su {rR}) is S-pure-projective and the class of S-pure-projective left 
^-modules is closed under direct sums (by [20l p.278]) it follows that M is S-pure-projective. 
Hence every indecomposable left i?-module is S-pure-projective. 

(2) <=> (4) . By using 1 20, 33.7, p.279] . □ 
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